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Abstract
We obtain the solution of a static spherically symmetric black hole surrounded by a cloud of strings in
Rastall gravity and study the influence of the parameter a associated with strings on the event horizon and
the Hawking temperature. Through analyzing the black hole metric, we find that the static spherically
symmetric black hole solution surrounded by a cloud of strings in Rastall gravity can be transformed
into the static spherically symmetric black hole solution surrounded by quintessence in Einstein gravity
when the parameter β of Rastall gravity is positive, which provides a possibility for the string fluid to
be a candidate of dark energy. We use the method of Regge and Wheeler together with the high order
WKB-Pade´ approximation to calculate the quasinormal mode frequencies of the odd parity gravitational
perturbation and simultaneously apply the unstable null geodesics of black holes to compute the quasi-
normal mode frequencies at the eikonal limit for this black hole model. The results show that the increase
of the parameter a makes the gravitational wave decay slowly in Rastall gravity. In addition, we utilize
two methods, which are based on the adiabatic invariant integral and the periodic property of outgoing
waves, respectively, to derive the area spectrum and entropy spectrum of the black hole model. The
results show that the area spectrum and entropy spectrum are equidistant spaced. The former is same as
the case of Einstein gravity, while the latter is different, depending on the Rastall parameter β .
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1 Introduction
The gravitational waves from binary black hole or neutron star mergers detected by LIGO and Virgo
collaborations [1, 2], as well as the first black hole photograph released recently, have fueled our interest
in black holes. A black hole is a magic celestial body predicted by Einstein’s general relativity and is a
spacetime region where the light cannot escape. An important means to obtain the basic properties of
black holes is to study quasinormal modes in the spacetime of black holes. In the past few decades, the
quasinormal modes of various classical or semiclassical black holes have been studied extensively and
deeply under the framework of Einstein’s theory of gravity. Up to now, the conservation law that the
covariant derivative of the energy-momentum tensor in Einstein gravity is zero has only been tested [3]
in the Minkowski spacetime or specifically in a weak gravitational field limit, so the covariant derivative
may not be zero in a strong gravitational field. Therefore, it is especially necessary for the analysis of
gravitational waves to study the quasinormal modes of black holes in the framework of other gravitational
theories including the case that the covariant derivative of the energy-momentum tensor is not zero.
Rastall gravity is a gravitational theory established by modifying the vanishing of the covariant
derivative of the energy-momentum tensor to be nonvanishing. In this gravitational theory, the covariant
derivative of the energy-momentum tensor is directly proportional [4] to the derivative of the Ricci scalar,
i.e. T
µν
;µ ∝ R
,ν . In this respect, Rastall gravity can be seen [5] as a phenomenological implementation of
some quantum effects in the curved spacetime background. In recent years, Rastall gravity has been ap-
plied to cosmology. It was found [6, 7] that Rastall gravity theory is consistent with various observational
data in the cosmological context and it gives some new and interesting results at the cosmological level.
For instance, the evolution of small dark matter fluctuations is the same as that in the ΛCDM model.
But the dark energy is clustered in Rastall theory. This characteristic leads [8] to inhomogeneities in
the evolution of dark matter in a nonlinear region, which is different from the standard CDM model.
In addition, it was debating whether Rastall gravity and Einstein gravity are equivalent or not. The in-
equivalence between the two theories of gravity was pointed out [9] several decades ago. Nontheless,
the equivalence was claimed [10] recently, but soon afterwards the inequivalence survived [11] from the
point of view that Rastall gravity is a more open theory of gravity than Einstein gravity.
According to string theory, the basic elements of the nature are not point particles but extended
one-dimensional objects. Therefore, it is essential to understand what are the gravitational effects in-
duced by a collection of strings. The first study of a cloud of strings as the source of the gravitational
field gave [12] the exact integral expression of the general solution of the Schwarzschild black hole sur-
rounded by a spherically symmetric string clouds under Einstein gravity, and the following work focused
on [13, 14] the construction of black hole solutions. So it is natural to explore the gravitational effects
of strings as basic objects in a gravitational theory that goes beyond Einstein gravity. For example, the
5-dimensional and n-dimensional black holes surrounded by a cloud of strings in Lovelock gravity have
been analyzed [15, 16].
The investigation of black hole area and entropy quanta has an important physical meaning because
it can provide [17] a window to find an effective way to quantize gravity. Bekenstein was the first to
suggest [18] that the area of black holes should be quantized. That is, if the black hole horizon area was
dealt with as an adiabatic invariant, the area spectrum of black holes was proved to be equidistant and
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quantized in units ∆A= 8pi h¯. There are a lot of papers about the area spectrum and entropy spectrum of
black holes, see, for instance, Refs. [17, 19, 20, 21, 22, 23, 24, 25].
In this paper, our aim is to analyze the quasinormal modes of a Schwarzschild black hole surrounded
by a cloud of strings in Rastall gravity. Therefore, we first work out the exact solution of such a static
spherically symmetric black hole. Then, we make a simple analysis of the characteristics of the black
hole model. According to the method of Regge and Wheeler [26], we derive the quasinormal modes of
the odd parity gravitational perturbation for this black hole model and calculate the corresponding quasi-
normal mode frequencies by using the high order WKB-Pade´ approximation [27, 28]. In the following
context, we focus on the influence of a cloud of strings on the real and imaginary parts of the quasinor-
mal mode frequencies. We also utilize the unstable null geodesics of black holes [29] to compute the
quasinormal mode frequencies at the eikonal limit for this black hole model. In addition, we adopt the
method of the adiabatic invariant integral [17] and that of the periodic property of outgoing waves [25]
to derive the area spectrum and entropy spectrum of the black hole model, respectively, so as to give the
influence of Rastall gravity and of strings on the area spectrum and entropy spectrum.
The paper is organized as follows. In Sect. 2, we first find out the exact solution of a static spherically
symmetric black hole surrounded by a cloud of strings in Rastall gravity. Then, we analyze in Sect. 3
the characteristics of the black hole model for different values of the two parameters related to Rastall
gravity and strings, where the case of the Einstein theory is added as a contrast. In Sect. 4, we calculate
the quasinormal mode frequencies for this black hole model in terms of the two different strategies
mentioned above and give the consistent conclusions. In Sect. 5, we use the method of the adiabatic
invariant integral to compute the area spectrum and entropy spectrum of the black hole model, and then
we utilize the method of the periodic property of outgoing waves to calculate the same quantities and
obtain the same results in Sec. 6. Finally, we make a simple summary in Sect. 7. Through out this paper,
we adopt the units c= G= kB = 1 and the sign convention (+,−,−,−).
2 Schwarzschild black hole surrounded by a cloud of strings in
Rastall gravity
According to Rastall gravity, the field equations take [4] the following forms,
Gµν +βgµνR= κTµν , (1)
T µν ;µ = λR
,ν , (2)
where β ≡ κλ , λ is the Rastall parameter and κ is the Rastall gravitational coupling constant. From
Eq. (1) and Eq. (2) one can get
R=
κ
4β −1T, (3)
T µν ;µ =
β
4β −1T
,ν , (4)
where R is the Ricci scalar and T = T µ µ is the trace of the energy-momentum tensor. The Newtonian
limit [30] leads to κ = 4β−1
6β−18pi . Obviously, when λ = 0, i.e. β = 0, κ is equal to 8pi , which gives rise to
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the recovery of Einstein gravity and the conservation of the energy-momentum tensor. It should be noted
that β = 1
6
and β = 1
4
are not allowed [30].
In order to derive the solution of a Schwarzschild black hole surrounded by a cloud of strings in
Rastall theory, we consider the following static spherically symmetric metric,
ds2 = f (r)dt2− f−1(r)dr2− r2(dθ2+ sin2 θdφ2), (5)
and then compute the non-vanishing components of the Rastall tensor defined by Hµν ≡ Gµν +βgµνR
as follows:
H00 = G
0
0+βR=−r f
′(r)+ f (r)−1
r2
+βR, (6)
H11 = G
1
1+βR=−r f
′(r)+ f (r)−1
r2
+βR, (7)
H22 = G
2
2+βR=−r f
′′(r)+2 f ′(r)
2r
+βR, (8)
H33 = G
3
3+βR=−r f
′′(r)+2 f ′(r)
2r
+βR, (9)
where R= [(r2 f ′′(r)+4r f ′(r)+2 f (r)−2)]/r2, and f ′(r) and f ′′(r) stand for the first and second deriva-
tives of f (r) with respect to r, respectively.
The first solution of a static spherically symmetric black hole with a cloud of strings in Einstein
gravity was given by Letelier [12] in which the action of a string in the evolution of spacetime reads
S=
∫
Σ
m
√−γdξ 0dξ 1, (10)
where m is a dimensionless constant that is related to the tension of the string. And γ is the determinant
of the induced metric,
γab = gµν
∂xµ
∂ξ a
∂xν
∂ξ b
, (11)
where xµ = xµ(ξ a) describes a two-dimensional string world sheet Σ, and ξ 0 and ξ 1 are timelike and
spacelike parameters, respectively. The string bivector which is associated to the string world sheet is
defined by
Σµν = εab
∂xµ
∂ξ a
∂xν
∂ξ b
, (12)
where εab is the two-dimensional Levi-Civita symbol with ε01 =−ε10 = 1.
Now we consider a cloud of strings with world sheets. The energy-momentum tensor of a cloud of
strings characterized by a proper density ρ reads
T µν =
ρΣµβ Σβ
ν
√−γ , (13)
where γ = 1
2
Σµν Σµν . Because the string cloud is spherically symmetric, this restricts the density ρ and
the string bivector Σµν to be only a function of r. In this situation, the only non-vanishing components
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of the string bivector are Σ01 and Σ10, which are linked by Σ01 = −Σ10. Thus the only non-vanishing
components of the energy-momentum tensor of a cloud of strings take the forms,
T 00 = T
1
1 =−ρΣ01. (14)
That is, the energy-momentum tensor of a cloud of strings with the spherical symmetry can be written as
T µ ν =


ρs(r)
ρs(r)
0
0

 . (15)
After substituting Eq. (15) into Eq. (4), we can get the following equation,
dρs
dr
+
2ρs
r
=
2β
4β −1
dρs
dr
, (16)
from which we deduce the solution,
ρs(r) =
b
r
2(4β−1)
2β−1
, (17)
where b is an integral constant linked to the cloud of strings.
Considering the line element given by Eq. (5), we rewrite the Rastall field equations as follows:
− r f
′(r)+ f (r)−1
r2
+βR= κρs, (18)
− r f
′′(r)+2 f ′(r)
2r
+βR= 0, (19)
and obtain the general solution of the metric function,
f (r) = 1−C1
r
+ r
1−2β
β C2+
4κb(β − 1
2
)2
(8β 2+2β −1)r
4β
2β−1
, (20)
whereC1 and C2 are two constants to be determined.
When β = b= 0, Eq. (20) should go back to the Schwarzschild vacuum solution in Einstein gravity.
Moreover, Eq. (20) should not be divergent at β = 0. The two constraints require C1 = 2M and C2 = 0.
Therefore, we reach the final form of the function,
f (r) = 1− 2M
r
+
4a(β − 1
2
)2
(8β 2+2β −1)r
4β
2β−1
, (21)
where the parameter a is defined as a≡ κb. It is easy to check that Eq. (21) turns back [12] to the case
of Einstein gravity when β = 0. In addition, when β < 1
6
or β > 1
4
, κ = 4β−1
6β−18pi is positive, so that a is
proportional to b and represents the effect of strings.
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3 Characteristics of the black hole model
According to Eq. (21), we can compute the radius of the event horizon from the equation f (rH) = 0,
which gives the relationship between the black hole mass and the radius,
M =
1
2
rH

1+ 4a
(
β − 1
2
)2
r
− 4β
2β−1
H
8β 2+2β −1

 . (22)
Using κrH =
1
2
d f (r)
dr
∣∣∣
r=rH
, we obtain the surface gravity of the Schwarzschild black hole surrounded by a
cloud of strings in Rastall gravity,
κrH =
1
2rH
+
a(1−2β )r
4β
1−2β
H
2(4β −1)rH . (23)
Then we can calculate the corresponding Hawking temperature through the surface gravity as follows,
TBH =
h¯κrH
2pi
=
h¯
4pirH

1+ a(1−2β )r
4β
1−2β
H
4β −1

 . (24)
In the following, we analyze the characteristics of the black hole model for different values of the
two parameters β and a, where β represents the effect of Rastall gravity and a that of strings.
In Fig. 1.1 and Fig. 1.2, we draw the graphs of function f (r) with respect to r for different values
of a when β > 0 and β < 0, respectively. It should be noted that the curves with β = 0 in Fig. 1.1
and Fig. 1.2 represent the case in Einstein gravity, which is given as a contrast. From Fig. 1.1, we can
see that when β > 0, f (r) in Rastall gravity is significantly lower than that in Einstein gravity at the
same value of a. For example, when the parameter a = 0.1, the red curve representing Rastall gravity
is significantly lower than the black curve representing Einstein gravity in Fig. 1.1. Moreover, as the
value of a increases, f (r) in Rastall gravity keeps decreasing. When a is small, there are generally two
horizons as shown by the red curve in Fig. 1.1, where the first is the event horizon, and the second is
what we call the string horizon which is similar to the quintessence horizon of the spherically symmetric
black hole surrounded by quintessence in Ref. [31]. However, the two horizons will shrink to one or even
no horizons appear when a is large, see, for instance, the blue curve for the former case and the green
curve for the latter in Fig. 1.1. From Fig. 1.2, we can see that when β < 0, f (r) in Rastall gravity is
significantly higher than that in Einstein gravity at the same value of a. For example, when we compare
the two curves in red and black (a = 0.1) and the two curves in green and purple (a = 0.9), we notice
that the red curve representing Rastall gravity is significantly higher than the black curve representing
Einstein gravity in Fig. 1.2, and the same situation exists for the green and purple curves. Moreover,
as the value of a increases, f (r) in Rastall gravity also keeps decreasing, which is same as the case of
β > 0, see the red, blue and green curves of Fig. 1.2. Nonetheless, the black hole still maintains one
event horizon in Rastall gravity when a is large, see, for instance, the green curve in Fig. 1.2, which is
quite different from the case of β > 0.
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Fig. 1.1 Graph of function f (r) with respect to r for different values of a. Here we
choose M = 1 and β = 0.1, and add β = 0 as a contrast.
In Fig. 2.1 and Fig. 2.3, we draw the graphs of the Hawking temperature TBH with respect to the
event horizon radius rH for different values of a when β > 0 and β < 0, respectively. In Fig. 2.2 and Fig.
2.4, we draw the graphs of the Hawking temperature TBH with respect to the event horizon radius rH for
different values of a and β in Rastall gravity and in Einstein gravity when β > 0 and β < 0, respectively.
From Fig. 2.1 and Fig. 2.2, we can see that TBH in Rastall gravity keeps decreasing as the value of a
increases, see the curves in red, blue and green. Moreover, when β > 0, at the same value of a, TBH in
Rastall gravity is higher than that in Einstein gravity at a small rH and then lower than that in Einstein
gravity at a large rH, see the three pairs of curves in red and black, in blue and orange, and in green and
purple, respectively, in Fig. 2.2. From Fig. 2.3 and Fig. 2.4, we can see that TBH in Rastall gravity
also keeps decreasing as the value of a increases. Moreover, when β < 0, at the same value of a, TBH in
Rastall gravity is lower than that in Einstein gravity at a small rH and then higher than that in Einstein
gravity at a large rH, see the three pairs of curves in red and black, in blue and orange, and in green and
purple, respectively, in Fig. 2.4.
In addition, we find that when β > 0, TBH decreases monotonically with respect to the increase of rH,
see Fig. 2.1 and Fig. 2.2, which means that the black hole temperature will increase continuously during
the whole stage of evaporation, especially the Hawking temperature TBH will diverge when rH tends to
zero. However, when β < 0 and the parameter a takes a suitable value, say, a= 0.5 which corresponds
to the blue curves in Fig. 2.3 and Fig. 2.4, TBH increases at first and then decreases, and finally tends to
zero with respect to the increase of rH, which means that at the initial state of evaporation, the black hole
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Fig. 1.2 Graph of function f (r) with respect to r for different values of a. Here we
choose M = 1 and β =−0.1, and add β = 0 as a contrast.
temperature increases with respect to the decrease of rH, and after the black hole temperature increases
to a finite maximum, it quickly drops to zero at rH = r0 (the event horizon radius of the extreme black
hole), leaving a frozen black hole. The former case (β > 0) is similar to the situation of a classical
Schwarzschild black hole in Einstein gravity, while the latter (β < 0) is similar to the situation of a
noncommutative Schwarzschild black hole [32] in Einstein gravity.
At the end of this section, we try to establish the relationship between the solution of the static
spherically symmetric black hole surrounded by a cloud of strings in Rastall gravity and the solution of
the static spherically symmetric black hole surrounded by quintessence in Einstein gravity. We find that
the two solutions exchange to each other when their parameters are connected to each other in a specific
formula. Therefore, we provide a possibility for the string fluid to be a candidate of dark energy if the
parameter β of Rastall gravity is positive. Such a possibility has been enhanced by a recent work [33] in
which the Rastall parameter β was fixed to be 0.163 through the analyses of 118 galaxy-galaxy strong
gravitational lensing systems.
For a static spherically symmetric solution of Einstein’s equations describing a black hole surrounded
by the quintessential matter under the condition of additivity and linearity in energy-momentum tensor,
the metric takes [34] the following form,
ds2 =
(
1− 2M
r
− c˜
r3ωq+1
)
dt2−
(
1− 2M
r
− c˜
r3ωq+1
)−1
dr2− r2(dθ2+ sin2 θdφ2), (25)
where M is the black hole mass, ωq is the quintessential state parameter, and c˜ is an integral constant
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Fig. 2.1 Graph of the Hawking temperature TBH with respect to the event horizon
radius rH for different values of a. Here we chooseM = h¯= 1 and β = 0.1.
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linked to the energy density of quintessence. We compare Eq. (21) with Eq. (25) and see that the solution
of the static spherically symmetric black hole surrounded by a cloud of strings in Rastall gravity can be
transformed into the solution of the static spherically symmetric black hole surrounded by quintessence
in Einstein gravity. The specific transformation formula is as follows:
β =
3ωq+1
6ωq−2 , (26)
a=−9c˜
2
(
ωq+ω
2
q
)
. (27)
Now we draw the graphs of β and a/c˜ as a function of ωq. Note that the range of parameter ωq related
to the quintessence field is constrained [34] from −1 to −1
3
.
In Fig. 3.1 and Fig. 3.2, we draw the graphs of the parameter β and the parameter a/c˜ with respect
to the quintessential state parameter ωq, respectively. From Fig. 3.1, we can see that β decreases mono-
tonically with the increase of ωq. From Fig. 3.2, we can see that a/c˜ increases at first and then decreases
with the increase of ωq, where it reaches the maximum, a/c˜= 1.125, when ωq =−0.5.
4 Quasinormal mode frequency of gravitational perturbation
The gravitational perturbation of black holes was first studied by Regge and Wheeler [26] for the
odd parity type of the spherical harmonics, and then extended to the even parity type by Zerilli [35]. At
present, the odd parity gravitational perturbation is utilized in a large number of papers, especially for the
black holes surrounded by quintessence, in terms of the method of Regge and Wheeler dealing with the
vacuum case, see, for instance, Refs. [36, 37, 38, 39]. Therefore, we follow the same method to calculate
the quasinormal mode frequencies in our model, i.e. the Schwarzschild black hole surrounded by a cloud
of strings in Rastall gravity. In addition, in order to increase the reliability of our calculations, we use
11
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alternatively the unstable null geodesics to compute once more the quasinormal mode frequencies at the
eikonal limit for this black hole model. Since the scalar, electromagnetic and gravitational perturbations
in the background of the static spherically symmetric spacetime have the same behavior under the eikonal
limit, the corresponding results can be regarded as a reference standard for our results obtained by the
method of Regge and Wheeler together with the high order WKB-Pade´ approximation. We find that
the conclusions made by the two strategies (one is the method of Regge and Wheeler and the other the
unstable null geodesics at the eikonal limit) are consistent.
In the gravitational perturbation, gµν usually represents the background metric and hµν the perturba-
tion. As hµν is very small when it compares to gµν , the canonical form for the odd parity perturbation
reads
hµν =
∣∣∣∣∣∣∣∣
0 0 0 h0(r)
0 0 0 h1(r)
0 0 0 0
h0(r) h1(r) 0 0
∣∣∣∣∣∣∣∣
exp(−iωt)sinθ ∂
∂θ
Pl(cosθ), (28)
where l is the angular quantum number, ω the complex quasinormal mode frequency, Pl(cosθ) the
Legendre function, and h0(r) and h1(r) two independent components of hµν . We now derive the desired
Schro¨dinger-like equation, i.e. the master equation.
One can compute Rµν from gµν and similarly calculate Rµν + δRµν from gµν + hµν , and thus de-
duce [40] δRµν as follows:
δRµν =−δΓβµν;β +δΓ
β
µβ ;ν , (29)
where
δΓαβγ =
1
2
gαν(hβν;γ +hγν;β −hβγ ;ν). (30)
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By substituting Eq. (28) into Eq. (29), we obtain two independent perturbation field equations for h0(r)
and h1(r),
iωh0(r)
f (r)
+
d( f (r)h1(r))
dr
= 0, (31)
iω
f (r)
(
dh0(r)
dr
+ iωh1(r)− 2h0(r)
r
)
+(l−1)(l+2)h1(r)
r2
= 0, (32)
where the former corresponds to δR23 = 0 and the latter to δR13 = 0, respectively, and f (r) has been
given in Eq. (21). Eliminating h0(r) by h1(r) in the above two equations, and then defining Ψ(r) =
f (r)h1(r)
r
and dr∗
dr
= 1
f (r) , we finally reach the master equation,
d2Ψ(r)
dr2∗
+[ω2−V (r)]Ψ(r) = 0, (33)
where the effective potential V (r) reads
V (r) =

1− 2M
r
+
4a
(
β − 1
2
)2
(8β 2+2β −1)r
4β
2β−1



 l(l+1)
r2
− 6M
r3
− 2ar
4β
1−2β −2
2β +1
+
4aβ r
4β
1−2β −2
2β +1

 . (34)
In order to let the effective potential satisfyV (r)→ 0 at r→∞, the condition β < 1
6
is needed, see also
Ref. [30]. In addition, we can easily see that both f (r) andV (r) are divergent when β =−0.5. Therefore,
we set the range of β be −0.5 < β < 1
6
, which conforms to the entropy positivity condition [30] and
ensures that the parameter a is proportional to the parameter b. As to the range of a, it depends on the
positivity or negativity of β . For β > 0, the black hole will have no event horizons when a is large. Thus,
we set the range of a be 06 a6 0.30 for β = 0.1. For β < 0, the barrier height of the effective potential
will disappear when a goes to one, so we take the range of values to be 06 a< 1.
In the following, we use the high order WKB-Pade´ approximation to calculate the quasinormal
mode frequencies of the odd parity gravitational perturbation, and alternatively apply the unstable null
geodesics to compute the quasinormal mode frequencies at the eikonal limit for this black hole model
when β > 0 and β < 0, respectively.
4.1 Quasinormal mode frequencies calculated by the high order WKB-Pade´ ap-
proximation
As for the high order WKB-Pade´ approximation, it was first proposed [27] by Matyjasek and Opala
and then developed by Konoplya et al. [28] through a special averaging treatment. In this treatment, the
quantity ∆k =
|ωk+1−ωk−1|
2
is defined for the error estimation and it is positively correlated with the relative
error Ek =
∣∣ωk−ω
ω
∣∣×100% of the quasinormal mode frequencies, where k stands for the order number,
ωk the k-th order quasinormal mode frequency calculated by the WKB approximation or the WKB-Pade´
approximation, and ω the accurate value of the quasinormal mode frequency. In our calculations, we
at first give the quasinormal mode frequencies from the 1st to 13th orders, and then work out the error
estimations of the 13 orders’ frequencies, and finally pick out such an order’s frequency that has the
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smallest relative error. The results are shown in Table 1 and Table 2 for β > 0, and in Table 3 and Table
4 for β < 0. Here we have two notes:
(1) We find that when β is taken to be a fraction, the result calculated by the high order WKB-Pade´
approximation is better than that when β is a decimal.‡ Since the range of β is set to be −0.5< β < 1
6
,
the term r
4β
2β−1 in Eq. (21) will change from r0 to r−1 when β changes from 0 to 1
6
, and it will change
from r0 to r1 when β changes from 0 to −0.5. Therefore, when β is taken to be a suitable series of
fractions from 0 to 1
6
, such as 0, 1
82
, 1
42
, 3
86
, · · · , 19
118
, see Table 1, the power of r
4β
2β−1 is also a series of
fractions rather than decimals: 0, − 1
20
, − 2
20
, − 3
20
, · · · , −19
20
. Similarly, when β is taken to be a suitable
series of fractions from 0 to−0.5, such as 0, − 1
18
, −1
8
, − 3
14
, −1
3
, and −19
42
, see Table 3 and Table 4, the
power of r
4β
2β−1 is also a series of fractions rather than decimals: 0, 1
5
, 2
5
, 3
5
, 4
5
, and 19
20
.
(2) The order number with the smallest relative error is not less than 4.
Table 1: The quasinormal mode frequencies of the gravitational perturbation in a Schwarzschild black
hole surrounded by a cloud of strings in Rastall gravity for β > 0, where β = 0 corresponds to the case
in Einstein gravity. Here we chooseM = 1, a= 0.1, l = 2 and n= 0.
β ω β ω
0 0.319614 - 0.0724516i 1/10 0.285076 - 0.0620697i
1/82 0.317638 - 0.0717914i 11/102 0.279023 - 0.060398i
1/42 0.315405 - 0.0710635i 3/26 0.272206 - 0.0585497i
3/86 0.312899 - 0.0702637i 13/106 0.264487 - 0.0564985i
1/22 0.310097 - 0.0693869i 7/54 0.255696 - 0.0542105i
1/18 0.306972 - 0.0684269i 3/22 0.245607 - 0.0516404i
3/46 0.30349 - 0.0673766i 1/7 0.233909 - 0.0487283i
7/94 0.299613 - 0.066227i 17/114 0.220181 - 0.0454018i
1/12 0.295292 - 0.064968i 9/58 0.203778 - 0.0415378i
9/98 0.29047 - 0.0635871i 19/118 0.183683 - 0.0369566i
In Fig. 4.1 and Fig. 4.2, we draw the graphs of real parts and negative imaginary parts of quasinormal
mode frequencies with respect to the parameter β for a= 0.1 when β > 0. From the two figures, we can
see that both the real part and the absolute value of the imaginary part decrease with the increase of β . In
Fig. 4.3 and Fig. 4.4, we draw the graphs of real parts and negative imaginary parts of quasinormal mode
frequencies with respect to the parameter a for the fixed β = 1/10, where the black curves represent the
real part and the negative imaginary part in Einstein gravity. From the two figures, we can see that, on
the one hand, both the real part and the absolute value of the imaginary part decrease with the increase
‡The main reason lies in the term r
4β
2β−1 in the metric function f (r). When β takes a decimal, it usually makes the power
of r
4β
2β−1 a decimal, too. For example, when β = 0.0400, the power equals −0.1739, which makes it impossible to solve
the horizon radius analytically. In addition, the high order WKB-Pade´ approximation will inevitably cause a deviation when
f (r) containing a term like r−0.1739 is substituted numerically into iterative formulas. Fortunately, we find that when β takes
some specific fractions, for example, β = 1
22
, r
4β
2β−1 becomes r−
1
5 , which makes f (r) simpler and the result calculated by the
high order WKB-Pade´ approximation better. We note that one may expect to get fine approximations of quasinormal mode
frequencies and smooth curves for any values of β if the precision can be controlled properly in the numerical calculations.
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Table 2: The quasinormal mode frequencies of the gravitational perturbation in a Schwarzschild black
hole surrounded by a cloud of strings in Rastall gravity for β > 0, where β = 0 corresponds to the case
in Einstein gravity. Here we chooseM = 1, l = 2 and n= 0.
β a ω β a ω
0
0 0.373609 - 0.0889758i
1/10
0 0.373609 - 0.0889758i
0.01 0.368085 - 0.087252i 0.01 0.365032 - 0.0862744i
0.02 0.362589 - 0.0855446i 0.02 0.356404 - 0.0835761i
0.04 0.351676 - 0.0821788i 0.04 0.338996 - 0.0781593i
0.06 0.340873 - 0.0788784i 0.06 0.321322 - 0.07279i
0.08 0.330197 - 0.0756167i 0.08 0.303362 - 0.0674277i
0.10 0.319614 - 0.0724516i 0.10 0.285076 - 0.0620697i
0.12 0.309144 - 0.0693517i 0.12 0.266409 - 0.0567121i
0.14 0.298786 - 0.0663169i 0.14 0.247293 - 0.0513512i
0.16 0.288541 - 0.0633437i 0.16 0.227636 - 0.0459809i
0.18 0.278418 - 0.0604432i 0.18 0.207317 - 0.0405949i
0.20 0.26841 - 0.0576046i 0.20 0.186152 - 0.0351783i
0.22 0.258521 - 0.0548316i 0.22 0.163867 - 0.0297108i
0.24 0.248753 - 0.0521208i 0.24 0.140009 - 0.0241565i
0.26 0.239108 - 0.0494809i 0.26 0.11372 - 0.0184461i
0.27 0.234332 - 0.0481851i 0.27 0.0991279 - 0.015487i
0.28 0.229587 - 0.0469078i 0.28 0.0829569 - 0.0124022i
0.286 0.226755 - 0.0461482i 0.286 0.072082 - 0.0104525i
0.29 0.224874 - 0.0456422i 0.29 0.064083 - 0.00908549i
0.293 0.223467 - 0.045268i 0.293 0.0575201 - 0.00800739i
0.296 0.222061 - 0.0448953i 0.296 0.0502678 - 0.00686153i
0.298 0.221127 - 0.0446427i 0.298 0.0448894 - 0.00604251i
0.30 0.220192 - 0.0443971i 0.30 0.0388694 - 0.00515565i
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Table 3: The quasinormal mode frequencies of the gravitational perturbation in a Schwarzschild black
hole surrounded by a cloud of strings in Rastall gravity for β = −1/18 and −1/8, where β = 0 corre-
sponds to the case in Einstein gravity. Here we chooseM = 1, l = 2 and n= 0.
a
β
0 −1/18 −1/8
0 0.373609 - 0.0889758i 0.373609 - 0.0889758i 0.373609 - 0.0889758i
0.01 0.368085 - 0.087252i 0.368578 - 0.0874442i 0.368677 - 0.0875301i
0.02 0.362589 - 0.0855446i 0.363588 - 0.0859314i 0.363804 - 0.0861071i
0.04 0.351676 - 0.0821788i 0.353733 - 0.0829618i 0.354236 - 0.0833286i
0.06 0.340873 - 0.0788784i 0.344042 - 0.0800661i 0.3449 - 0.0806377i
0.08 0.330197 - 0.0756167i 0.334516 - 0.0772435i 0.335794 - 0.0780322i
0.10 0.319614 - 0.0724516i 0.325172 - 0.0744666i 0.326928 - 0.0754804i
0.12 0.309144 - 0.0693517i 0.315973 - 0.0717906i 0.318266 - 0.0730415i
0.14 0.298786 - 0.0663169i 0.306938 - 0.0691845i 0.30982 - 0.0706808i
0.16 0.288541 - 0.0633437i 0.298065 - 0.0666473i 0.301585 - 0.0683961i
0.18 0.278418 - 0.0604432i 0.289355 - 0.0641782i 0.293558 - 0.0661851i
0.20 0.26841 - 0.0576046i 0.280806 - 0.0617762i 0.285735 - 0.0640459i
0.22 0.258521 - 0.0548316i 0.272419 - 0.0594402i 0.278112 - 0.0619763i
0.24 0.248753 - 0.0521208i 0.264193 - 0.0571697i 0.270685 - 0.0599744i
0.26 0.239108 - 0.0494809i 0.256128 - 0.0549635i 0.263449 - 0.0580381i
0.28 0.229587 - 0.0469078i 0.248223 - 0.0528188i 0.256405 - 0.056168i
0.30 0.220192 - 0.0443971i 0.240475 - 0.0507402i 0.249538 - 0.0543547i
0.32 0.210927 - 0.041954i 0.232887 - 0.0487212i 0.242855 - 0.052604i
0.34 0.201786 - 0.0395782i 0.225457 - 0.0467628i 0.236348 - 0.0509114i
0.36 0.192783 - 0.0372704i 0.218185 - 0.0448634i 0.230014 - 0.0492753i
0.38 0.183911 - 0.0350269i 0.211069 - 0.0430218i 0.223848 - 0.047693i
0.40 0.175176 - 0.0328518i 0.204104 - 0.0412383i 0.217847 - 0.0461635i
0.44 0.158125 - 0.0287039i 0.19065 - 0.0378432i 0.206328 - 0.043261i
0.48 0.141648 - 0.0248258i 0.177803 - 0.0346644i 0.195424 - 0.0405495i
0.52 0.125769 - 0.0212199i 0.165563 - 0.0316969i 0.185109 - 0.0380178i
0.56 0.110513 - 0.0178881i 0.153919 - 0.0289317i 0.175352 - 0.0356547i
0.60 0.0959109 - 0.0148325i 0.142863 - 0.0263604i 0.166135 - 0.033453i
0.64 0.0819965 - 0.012055i 0.132383 - 0.0239746i 0.157419 - 0.031397i
0.68 0.0688098 - 0.00955797i 0.12247 - 0.0217662i 0.14919 - 0.029482i
0.72 0.0563983 - 0.00734378i 0.113112 - 0.0197268i 0.141417 - 0.0276933i
0.76 0.0448199 - 0.00541499i 0.104296 - 0.0178479i 0.13408 - 0.0260266i
0.80 0.0341463 - 0.00377434i 0.0960096 - 0.0161209i 0.127155 - 0.0244728i
0.84 0.0244707 - 0.00242471i 0.0882376 - 0.0145377i 0.120618 - 0.0230226i
0.88 0.0159194 - 0.00136915i 0.0809652 - 0.0130901i 0.114452 - 0.0216708i
0.92 0.00867958 - 0.000610903i 0.0741765 - 0.0117695i 0.108634 - 0.0204093i
0.96 0.00307387 - 0.000153336i 0.0678542 - 0.0105679i 0.103145 - 0.0192326i
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Table 4: The quasinormal mode frequencies of the gravitational perturbation in a Schwarzschild black
hole surrounded by a cloud of strings in Rastall gravity for β = −3/14, −1/3 and −19/42. Here we
chooseM = 1, l = 2 and n= 0.
a
β −3/14 −1/3 −19/42
0 0.373609 - 0.0889758i 0.373609 - 0.0889758i 0.373609 - 0.0889758i
0.01 0.368131 - 0.0874521i 0.365483 - 0.0868656i 0.348588 - 0.0828812i
0.02 0.362754 - 0.0859613i 0.357639 - 0.0848351i 0.326575 - 0.0775351i
0.04 0.352291 - 0.083076i 0.342745 - 0.0809981i 0.289673 - 0.0686059i
0.06 0.342207 - 0.0803135i 0.328832 - 0.0774357i 0.259995 - 0.0614554i
0.08 0.332485 - 0.0776681i 0.315818 - 0.0741223i 0.23564 - 0.0556078i
0.10 0.323111 - 0.0751342i 0.303624 - 0.071035i 0.215315 - 0.0507418i
0.12 0.314089 - 0.0726779i 0.292184 - 0.0681535i 0.198109 - 0.0466327i
0.14 0.305372 - 0.0703538i 0.281436 - 0.0654598i 0.183365 - 0.0431191i
0.16 0.296963 - 0.0681257i 0.27134 - 0.0629128i 0.170598 - 0.0400819i
0.18 0.288851 - 0.0659893i 0.261816 - 0.0605496i 0.159439 - 0.0374317i
0.20 0.281024 - 0.0639402i 0.252833 - 0.0583303i 0.149607 - 0.0350999i
0.22 0.273471 - 0.0619742i 0.244351 - 0.0562432i 0.140882 - 0.033033i
0.24 0.266181 - 0.0600876i 0.236333 - 0.054278i 0.133088 - 0.0311889i
0.26 0.259143 - 0.0582766i 0.228744 - 0.052425i 0.126087 - 0.0295339i
0.28 0.252348 - 0.0565377i 0.221554 - 0.0506757i 0.119764 - 0.0280406i
0.30 0.245786 - 0.0548676i 0.214735 - 0.0490223i 0.114026 - 0.0266867i
0.32 0.239448 - 0.0532631i 0.208262 - 0.0474578i 0.108798 - 0.0254539i
0.34 0.233326 - 0.0517212i 0.20211 - 0.0459757i 0.104014 - 0.0243267i
0.36 0.22741 - 0.050239i 0.196258 - 0.0445701i 0.0996215 - 0.0232922i
0.38 0.221694 - 0.0488138i 0.190686 - 0.0432357i 0.0955744 - 0.0223397i
0.40 0.216167 - 0.0474396i 0.185377 - 0.0419677i 0.091834 - 0.0214599i
0.44 0.205661 - 0.0448521i 0.17548 - 0.0396132i 0.0851453 - 0.0198876i
0.48 0.195834 - 0.0424548i 0.166448 - 0.0374751i 0.0793404 - 0.0185243i
0.52 0.186637 - 0.0402334i 0.15818 - 0.0355267i 0.0742566 - 0.0173312i
0.56 0.178021 - 0.0381676i 0.150589 - 0.0337455i 0.0697688 - 0.0162787i
0.60 0.169942 - 0.0362462i 0.143601 - 0.0321122i 0.065779 - 0.0153435i
0.64 0.162362 - 0.0344581i 0.137151 - 0.0306103i 0.0622093 - 0.0145072i
0.68 0.155245 - 0.0327927i 0.131183 - 0.0292253i 0.0589975 - 0.0137551i
0.72 0.148556 - 0.0312361i 0.125648 - 0.027945i 0.0560927 - 0.0130752i
0.76 0.142263 - 0.0297872i 0.120504 - 0.0267587i 0.0534534 - 0.0124577i
0.80 0.136343 - 0.0284285i 0.115714 - 0.0256569i 0.051045 - 0.0118944i
0.84 0.130762 - 0.0271592i 0.111243 - 0.0246315i 0.0488389 - 0.0113786i
0.88 0.1255 - 0.0259672i 0.107063 - 0.0236752i 0.0468108 - 0.0109045i
0.92 0.12054 - 0.02485i 0.103147 - 0.0227786i 0.0449402 - 0.0104674i
0.96 0.115852 - 0.023803i 0.0994759 - 0.0219452i 0.0432096 - 0.0100631i
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Fig. 4.1 Graph of real parts of quasinormal mode frequencies
with respect to the parameter β . Here we choose M = 1, a =
0.1, l = 2 and n= 0.
of a; and on the other hand, the real part and the absolute value of the imaginary part in Rastall gravity is
significantly lower than that in Einstein gravity at the same value of a. For example, when the parameter
a= 0.2, the red curve representing Rastall gravity is significantly lower than the black curve representing
Einstein gravity in Fig. 4.3 and in Fig. 4.4.
In Fig. 4.5 and Fig. 4.6, we draw the graphs of real parts and negative imaginary parts of quasinormal
mode frequencies with respect to the parameter a for different values of β when β < 0, where the black
curves represent the real part and the negative imaginary part in Einstein gravity. From the two figures,
we can see that, on the one hand, both the real part and the absolute value of the imaginary part decrease
with the increase of a; and on the other hand, when β is small, e.g. β =−19/42 (the purple curve), both
the real part and the absolute value of the imaginary part decrease fast at a small a, e.g. a< 0.2, and then
decrease very slowly at a large a, e.g. a > 0.8, which makes the real part and the absolute value of the
imaginary part in Rastall gravity larger than that in Einstein gravity as a approaches 1. We also find that
for the same value of a, both the real part and the absolute value of the imaginary part increase at first
and then decrease with the decrease of β . In addition, we notice that for the same parameter a, the real
part and the absolute value of the imaginary part of quasinormal mode frequencies in Rastall gravity are
greater or smaller than that in Einstein gravity, depending on the value of the parameter β . For example,
in Fig. 4.6, when a= 0.4, we can easily see that the absolute value of the imaginary part of quasinormal
mode frequencies in Rastall gravity (the red curve corresponding to β = −1/18) is larger than that of
Einstein gravity (the black curve corresponding to β = 0), while the absolute value of the imaginary part
of quasinormal mode frequencies in Rastall gravity (the purple curve corresponding to β = −19/42) is
smaller than that of Einstein gravity (the black curve corresponding to β = 0).
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Fig. 4.2 Graph of negative imaginary parts of quasinormal
mode frequencies with respect to the parameter β . Here we
chooseM = 1, a= 0.1, l = 2 and n= 0.
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Fig. 4.3 Graph of real parts of quasinormal mode frequencies
with respect to the parameter a. Here we choose M = 1, l = 2
and n= 0.
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Fig. 4.4 Graph of negative imaginary parts of quasinormal
mode frequencies with respect to the parameter a. Here we
chooseM = 1, l = 2 and n= 0.
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Fig. 4.5 Graph of real parts of quasinormal mode frequencies
with respect to the parameter a for different values of β . Here
we chooseM = 1, l = 2 and n= 0.
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mode frequencies with respect to the parameter a for different
values of β . Here we chooseM = 1, l = 2 and n= 0.
4.2 Quasinormal mode frequencies at the eikonal limit calculated via the unsta-
ble null geodesics
As for the method to calculate the quasinormal mode frequencies at the eikonal limit via the unsta-
ble null geodesics of black holes, it was first proposed [29] by Cardoso et al. for the case of the static
spherically symmetric spacetime. In the eikonal limit (l ≫ 1), the scalar, electromagnetic and gravita-
tional perturbations in the background of the static spherically symmetric metric, see Eq. (5), have the
same behavior [41], and the formula for calculating the quasinormal mode frequencies ωl≫1 through the
unstable null geodesics reads [29]:
ωl≫1 = lΩ− i(n+ 1
2
)|λL|, (35)
where Ω and λL are the angular velocity and the Lyapunov exponent at the unstable null geodesics, and
they determine the real part and the imaginary part of the quasinormal mode frequencies, respectively.
Furthermore, the two quantities can be expressed [29, 41] as follows:
Ω =
√
f (rc)
rc
, λL =
√
f (rc)(2 f (rc)− r2c f ′′(rc))
2r2c
, (36)
where rc represents the radius of the unstable null geodesics and is determined by the following relation,
2 f (rc)− rc d f (r)
dr
∣∣∣∣
r=rc
= 0. (37)
By substituting Eq. (21) into Eq. (36), we draw the graphs of Ω and λL with respect to β and a, respec-
tively.
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In Fig. 4.7 and Fig. 4.8, we draw the angular velocity Ω and the Lyapunov exponent λL with respect
to the parameter β for a= 0.1 when β > 0. From the two figures, we can see that both Ω and λL decrease
with the increase of β .
In Fig. 4.9 and Fig. 4.10, we draw the angular velocity Ω and the Lyapunov exponent λL with respect
to the parameter a for β = 0.1, where the black curves represent the angular velocity Ω and the Lyapunov
exponent λL in Einstein gravity. From the two figures, we can see that both Ω and λL decrease with the
increase of a.
In Fig. 4.11 and Fig. 4.12, we draw the graphs of the angular velocity Ω and the Lyapunov exponent
λL with respect to the parameter a for different values of β when β < 0, where the black curve represents
the case of Einstein gravity. From the two figures, we can see that both Ω and λL decrease with the
increase of a.
By comparing Figs. 4.1-4.6 with Figs. 4.7-4.12, we can easily see that Figs. 4.1-4.6 are very similar
to Figs. 4.7-4.12, which shows that the conclusions made by the method of Regge and Wheeler together
with the high order WKB-Pade´ approximation are identical with those by the unstable null geodesics at
the eikonal limit. Finally, we have the following results through the comparison and analysis of Figs.
4.1-4.12:
• The increase of the parameter a in Rastall gravity makes the gravitational wave decay slowly.
• For the same parameter a, when β > 0, the gravitational waves in Rastall gravity always decay
more slowly than those in Einstein gravity, but when β < 0, the gravitational waves in Rastall
gravity decay more slowly or faster than those in Einstein gravity, which depends on the value of
the parameter β .
• For β < 0, the gravitational waves in Rastall gravity decay faster than those in Einstein gravity as
a approaches 1.
5 Area and entropy spectra via adiabatic invariance
In this section, based on the method of adiabatic invariance of black holes [42] and its later improve-
ment [17] for deriving the quantized entropy spectrum, we study the area spectrum and entropy spectrum
of a Schwarzschild black hole surrounded by a cloud of strings in Rastall gravity. By applying the Wick
rotation in Lorentzian time and transforming t to −iτ , we write the Euclideanized form of the metric,
ds2 =− f (r)dτ2− f−1(r)dr2− r2(dθ2+ sin2θdφ2), (38)
where f (r) is given in Eq. (21) and τ means the Euclidean time. For a neutral and static spherically
symmetric black hole spacetime, the only dynamic freedom of adiabatic invariants is the radial coordinate
r, so the adiabatic invariant can be expressed [43] as
L =
∮
prdqr =
∮ ∫ pr
0
dp′rdr, (39)
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Fig. 4.9 Graph of the angular velocity Ω with respect to the
parameter a. Here we chooseM = 1.
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Fig. 4.10 Graph of the Lyapunov exponent λL with respect to
the parameter a. Here we chooseM = 1.
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where pr is the conjugate momentum to the coordinate qr.
It is known that the equation of motion of a massless particle is [44] a radial null geodesic, r˙ = dr
dτ ,
and the equation of motion of a massive particle is [45] the phase velocity, r˙ = vp. However, if one only
considers the outgoing path, one does not care [46] whether the particle has mass or not. According to
Hamilton’s canonical equation, we have
r˙ =
dr
dτ
=
dH ′
dp′r
, (40)
where H ′ =M′ and M′ =M− h¯ω ′, M′ is the mass of the black hole from which a particle with energy
E ′ = h¯ω ′ tunnels through its horizon. By substituting Eq. (40) into Eq. (39), we obtain the following
formula,
L =
∮
prdqr =
∮ ∫ H
0
dH ′
r˙
dr =
∮ ∫ M
0
dM′dτ. (41)
Since any background spacetime with the horizon in Kruskal coordinates has periodicity with respect to
the Euclidean time, we assume that the particles moving in such a background spacetime have the same
periodicity as the background spacetime, and this period satisfies [47] the following relationship,
T =
∮
dτ =
2pi
κrH
=
h¯
TBH
. (42)
Using Eq. (42), we rewrite Eq. (41) as follows:
L = h¯
∫ M
0
dM′
T ′BH
= h¯
∫ rH
0
1
T ′BH
dM′
dr′H
dr′H. (43)
Next, we deduce the following formula from Eq. (22),
dM
drH
=
1
2

1+ a(1−2β )r
4β
1−2β
H
4β −1

 . (44)
After substituting Eq. (24) and Eq. (44) into Eq. (43), we finally recast this adiabatic invariant as follows:
L = pir2H =
A
4
, (45)
where A is the area of the event horizon of the black hole. In addition, we know its quantized form from
the Bohr-Sommerfeld quantization rule, L = 2pinh¯, n = 0,1,2,3, . . . , so we have the quantized area of
the black hole,
An = 8pinh¯. (46)
For a black hole in Einstein gravity, the entropy S is one quarter of the area of the event horizon, which
is also known as the Bekenstein entropy, S = A
4
. But for the modified gravity, the modified terms other
than Einstein tensor usually modify Bekenstein entropy, which has been shown in Refs. [48, 49, 50].
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Therefore, for Rastall gravity as a modified theory of gravity, the relationship between the horizon en-
tropy and the horizon area is very likely not to satisfy the Bekenstein conjecture. In fact, the correspond-
ing relationship has been given [30] for Rastall gravity by generalizing the Misner-Sharp mass and the
relevant first law of thermodynamics,
S=
(
6β −1
4β −1
)
A
4h¯
. (47)
Obviously, when β = 0, it turns back to Bekenstein entropy. By substituting Eq. (46) into Eq. (47), we
obtain the quantized entropy,
Sn =
(
6β −1
4β −1
)
2pin. (48)
As a result, we reach the area spectrum and the entropy spectrum of the Schwarzschild black hole
surrounded by a cloud of strings in Rastall gravity,
∆A= An−An−1 = 8pi h¯, ∆S= Sn−Sn−1 =
(
6β −1
4β −1
)
2pi . (49)
6 Area and entropy spectra via gravitational wave periodicity
In this section, we investigate the area spectrum and entropy spectrum of a Schwarzschild black hole
surrounded by a cloud of strings in Rastall gravity by utilizing the method of the periodic property of the
outgoing gravitational wave [25]. We have two ways to calculate wave functions. One is to substitute [51]
the assumed form of wave functions, Φ = 1
4piω1/2
1
r
Rω(r, t)Yl,m(θ ,φ), and Eq. (5) into the Klein-Gordon
equation,
gµν ∂µ∂ν Φ+
m2
h¯2
Φ = 0, (50)
and the other is to resort the Hamilton-Jacobi equation,
gµν∂µ S∂ν S−m2 = 0, (51)
where the wave function Φ and the action S satisfy the following relationship,
Φ = exp[
i
h¯
S(t,r,θ ,φ)]. (52)
Because the spacetime of the black hole we consider is spherically symmetric, the action S can be
decomposed [52, 53] as
S(t,r,θ ,φ) =−Et+W (r)+ J(θ ,φ), (53)
where E =−∂S∂ t represents the energy of the emitted particles observed at infinity. Considering J(θ ,φ) =
0, W (r) = ipiE/ f ′(rH) and only the outgoing wave near the outside horizon, one can express the wave
function Φ there as follows,
Φ = exp
(
− i
h¯
Et
)
Ψ(rH), (54)
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where Ψ(rH) = exp
[
−piE
h¯ f ′(rH)
]
and f ′(rH) =
d f (r)
dr
∣∣∣
r=rH
. From the above function, we find that Φ is a
periodic wave function with the period,
T =
2pi h¯
E
. (55)
Considering the relation E = h¯ω , we obtain
T =
2pi
ω
. (56)
In addition, we know that T = h¯
TBH
from Eq. (42), so we derive the following formula,
ω =
2pi
T
=
2pi
h¯
TBH
=
2piTBH
h¯
. (57)
According to Hod’s idea [19], the change in the area of the event horizon for the Schwarzschild black
hole surrounded by a cloud of strings in Rastall gravity is
∆A= 8pirHdrH = 8pirHdM
drH
dM
= 8pirHh¯ω
drH
dM
. (58)
Substituting Eq. (44) and Eq. (57) into Eq. (58), we work out
∆A= 8pirHh¯
2piTBH
h¯
drH
dM
= 16pi2rHTBH
drH
dM
= 16pi2rH
h¯
2pirH
= 8pi h¯. (59)
Then using Eq. (47), we deduce the corresponding black hole entropy spectrum,
∆S=
(
6β −1
4β −1
)
∆A
4h¯
=
(
6β −1
4β −1
)
2pi . (60)
7 Conclusion
We first give the solution of the Schwarzschild black hole surrounded by a cloud of strings in Rastall
gravity, and then analyze the characteristics of the metric function and the Hawking temperature of this
model. We plot the graphs of the metric function f (r) with respect to r and the graphs of the Hawking
temperature TBH with respect to the event horizon radius rH for different values of a when β > 0 and
β < 0, respectively. We find that the increase of the parameter a causes the function f (r) and the
Hawking temperature TBH to decrease in Rastall gravity. Through the analysis of the black hole metric,
we deduce that the solution of the static spherically symmetric black hole surrounded by a cloud of strings
in Rastall gravity can be transformed into the solution of the same black hole surrounded by quintessence
in Einstein gravity when β > 0, which provides a possibility for a string fluid as a candidate of the
dark energy. However, when β < 0, the spacetime of our black hole model is a kind of asymptotically
flat spacetime. We use the high order WKB-Pade´ approximation to calculate the quasinormal mode
frequencies of the odd parity gravitational perturbation. Then, we plot the graphs of real parts and
negative imaginary parts of quasinormal mode frequencies with respect to the parameter a for β = 1/10
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when β > 0 and the graphs of real parts and negative imaginary parts of quasinormal mode frequencies
with respect to the parameter a for different values of β when β < 0. We also adopt the unstable null
geodesics of the black hole to calculate the quasinormal mode frequencies at the eikonal limit and do
the same analysis. The two strategies give rise to the identical conclusion, that is, the increase of the
parameter a in Rastall gravity causes the decay of the gravitational wave to slow down. In addition, we
utilize the method of the adiabatic invariant integral and the method of the periodic property of outgoing
waves to derive the area spectrum and entropy spectrum of the black hole model, respectively. The
results show that the area spectrum and entropy spectrum of the Schwarzschild black hole surrounded by
a cloud of strings in Rastall gravity are equidistant spaced. The former is same as that of Einstein gravity,
while the latter is different, depending on the Rastall parameter β . It should be noted that the parameter
a related to strings does not affect the area spectrum and entropy spectrum of the black hole, which is
similar to the phenomenon that the quintessence parameter has no effects [43] on the area spectrum and
entropy spectrum of the quantum-corrected Schwarzschild black hole surrounded by quintessence.
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